
JOURNAL OF ENGINEERING PHYSICS 167 
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The method of small perturbations has been used to study the hydro- 
dynamical stability of flow of a structurally viscous fluid in the bound- 
ary layer on a flat plate. 

Substituting expressions (i) and (2) into Eq. (4), 
allowing for the continuity equation (5), we obtain 

Fol lowing [1], we shal l  unde r s t and  a s t r u c t u r a l l y  
v i scous  fluid to be an i n c o m p r e s s i b l e  fluid, obeying 
Newton 's  law, with a v a r i a b l e  dynamic  viscosi ty:  

�9 s = ~ Vii (i, ] = 1, 2 ,  3).  (1) 

In our case  the value of the v i scos i ty  is de t e rmined  
by the components  of the r a t e  of deformat ion  t enso r .  

�9 The dynamica l  v i scos i ty  can be a funct ion on ly  of the 
i n v a r i a n t s  of the t enso r  Vji .  If we equate to zero  the 
l i nea r  i n v a r i a n t  we have the cont inui ty  equation of an 
i n c o m p r e s s i b l e  fluid. Fo r  p l a n e - p a r a l l e l  flow, the 
th i rd  i n v a r i a n t  a lso  i s  equal  to zero .  t t  is,  therefore ,  
n a t u r a l  to suppose  that the dynamic  v i scos i ty  ix de~ 
pends only on the quadra t ic  i n v a r i a n t  of the r a t e  of : 
de format ion  t e n s o r  I, taken with the opposi te  sign.  In where  
conformi ty  with [1], we shal l  r e p r e s e n t  # by the s e r i e s  

=2~ ~ + 4,%fl/2 + ..., (2) 

where 

I .=  1 i Ow~ + Owq ) /  Ow~ Ow~ \ 

In [1], for the case  of a p l a n e - p a r a l l e l  flow, the 
f luidi ty of a s t r u c t u r a l l y  v i scous  fluid cp was r e p r e -  
sented  in the fo rm of a s e r i e s  of powers  of the shea r  
s t r e s s  r. We see  that  this  r e l a t i on  may  be obtained by 
subs t i tu t ing  Eq.  (2) into the law of v i scous  f r ic t ion  (1), 
and conve r t i ng  the s e r i e s ,  which i m m e d i a t e l y  g ives  
the following e x p r e s s i o n s  for the coeff icients:  

I~o = I / % ,  a = - -  @/%~ . . . . .  (3)  

Here,  of course ,  it is  a s s u m e d  that  r r  i .  e . ,  
a fluid with a n o n - z e r o  l imi t  of f luidi ty (for example,  
Bingham fluids)  is excluded f rom examina t ion .  As 
was shown in [1], we may add a whole s e r i e s  of high-  
po lymer ,  colloid, and c o a r s e l y  d i s p e r s e d  fluids to the 

class of structurally viscous media, for which the vis- where 
cosity at a given pressure and temperature is a single- 
valued function of the shear stress, where, in the 

range of shear stress of practical importance, we may 
limit ourselves to the first two terms of the expansion 

in describing the behavior of the fluid. 

We shall write the equations of motion and conti- 
nuity in the form 

Owi Ow~ _ Op 0 ~f~ 
P - - ~ + P W i  Ox i axi -4- ~ x  s , (4) 

Ow~ = O. (5) 
Ox~ 

Owi Op O~w; 
9 +pw~ Oxt = - -  Ox-~ + (~o + 21"h I~:~ ) OxiOxi § 

+ ~ I-~/~ Ox--~ \ Ox s + Ox~ ] + ... .  
(6) 

We shall  in t roduce the d i m e n s i o n l e s s  va r i a b l e s  

~--x/l ,  o)=w/wo, ~ =wot/l, ~ =p/pw~. (7) 

The equation of mot ion takes the form 

o~ +~ '~ O~s a ~  + Reo o ,  a~sa~ j 

2o,  + (8) 

j _  0coz 0co I + 0c% 0%, 
0 ~k O ~k O ~z 

Re = 9% two, 

O, = p~] IVO. 

O ~k 

(9) 

We shal l  impose  a sma l l  pe r tu rba t ion  on the bas ic  
s teady flow. A s s u m i n g  that  the veloci ty  and p r e s s u r e  
of the ma in  flow sa t i s fy  the equations of motion and 
continuity,  we find, by neglec t ing  t e r m s  of high o rder  
of s m a l l  quant i t ies  

o~, ~ + g ;  ~176 ~_.o o ~  o~o 
o8 a~s - w s  -0~-~s = - ~ T U ~  + 

+ R% o ,  o~9-~ j 

(ao,  o 
--20, O~ i \ a~ i H- o~, ] + .... 

0~--7 =0, 

(lO) 

(11) 

We shal l  make  an approx imate  ca lcu la t ion  of the 
bas ic  flow in the boundary  l ayer  on a p l a n e - p a r a l l e l  
plate.  I t  has one ve loc i ty  component  w on the axis ~? 
p a r a l l e l  to the plate,  and depends only on the coord i -  
na te  4- We sha l l  r e s t r i c t  examina t ion  to 2 - d i m e n s i o n a l  
pe r tu rba t i ons ,  which enables  us to in t roduce  a s t r e a m  
funct ion of the d i s tu rbed  mot ion 4'. E l i m i n a t i n g  the 
p r e s s u r e  f rom Eq. (10), we obtain, a l lowing for the 
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above a s s u m p t i o n s ,  

0A* {-o 0A* --co" - 0 '  - - (  1 to' ) 
O ~ O rl a ~l Reo O,  A ~ - -  

o"( 0~ * O h , )  co" ~** 2 a~" a~ - - ~ ,  hapH- .... (12) 

Equat ion (12) is  l i n e a r  with r e s p e c t  to the s t r e a m  
function ~. I t s  coef f i c ien t  does  not  depend on ~1 and o. 

lO'~Re,~ 
lOtRet~ 2. 

/ 2 I 

o # 8 t2 ti~ m 

J 

/ 
,e~ " f 

f 

Ot7 

o.t$ 

Dependence  of the  n u m b e r s  Re0k (1), Re k 
(2), Relk (3) and the coo rd ina t e  [c  (4) on 
the p a r a m e t e r  0 , .  The da shed  l ine  is  the 
va lue  of the  Reynolds  number ,  c o r r e s p o n d -  
ing to l o s s  of s t a b i l i t y  in the  fl0w of a New- 
tonian f luid in the b o u n d a r y  l a y e r  on a 

p l a t e .  

I t  m a y  t h e r e f o r e  have p a r t i c u l a r  so lu t ions  of the  fo rm 

-- a ([) exp i a 0l - -  c #). (13) 

Subs t i tu t ing  e x p r e s s i o n  (13) into Eq. (12), we find, 
fol lowing s i m p l e  t r a n s f o r m a t i o n s ,  

(14) 

i ~ [ ( ~  - -  c )  (a" - -  ~"~)  - -  ~'%1 = 

- - (  Re01 O,~ ( c ( ' ' -  2a 'd '  H- a4~  

_ 1_~ [2r + (o;" - -  i aco3 (o" + a % ) l  + .... 
O, 

When O, --" o| (Newtonian fluid) Eq.  (14) goes  ove r  
to the  we l l -known  O r r - S o m m e r f e l d  equat ion .  

The  t h e o r y  of s t a b i l i t y  of a Newtonian f luid i nd i ca t e s  
tha t  the  v i s c o s i t y  has  a v e r y  s t r o n g  inf luence  on the 
p e r t u r b e d  mot ion  n e a r  the  poin t  ~ = ~c, w h e r e  w = c 
[2]. T h e r e f o r e  we sha l l  s tudy the funct ion r in the  i m -  
m e d i a t e  v i c in i t y  of th is  point ,  

We sha l l  r e p r e s e n t  the  ve loc i t y  of the  m a i n  flow and 
i t s  d e r i v a t i v e s  in the  f o r m  of  s e r i e s  of p o w e r s  of (~ - 
- ~ c), and r e s t r i c t  o u r s e l v e s  to the  f i r s t  t e r m s  of the 

expansions: 
~o - -  c = ~;  (~ - -  %), 

O(n) ~ O(n) . ( i s )  

We sha l l  i n t r o d u c e  the new v a r i a b l e  

= (~--~c)e, (16) 

w h e r e  

Then 

e = (a Re,,) wa , 

Ren = Re0 O,/(O, -- o~ R%). 

o(,'/(}) = y(,,) (~) e". (17) 

Compar ing  Eqs .  (14)-(17) ,  we obtain 

: -1) [2< + = ey"' ~2a2e- l~  " -}- a4s-3y - -  ~ Re ~ . [-~/-~ 

-~ c0~ (e-aY" -}- a~e-sY)] ~- . . . .  (18) 

We sha l l  s eek  a solut ion of th i s  equat ion in the fo rm of 
the a s y m p t o t i c  expans ion  

Y = Yo + yJe -+- y~le ~ -~ . . . . .  (19) 

Subs t i tu t ing  the s e r i e s  (19) into Eq. (18), we obtain 
equat ions  for  7o, Yl, Ya , . . .  �9 Since the e x p r e s s i o n f o r  
7Q d i f f e r s  f rom the analogous  equation in the c a s e  of 
flow of a Newtonian f luid only in that  the Reyno lds  num-  
b e r  is  r e p l a c e d  by the number  Re n, to d e t e r m i n e  the 
coo rd ina t e  ~c and the c r i t i c a l  va lue  of Renk, we may 
use  the  a p p r o x i m a t e  e s t i m a t e s  p r o p o s e d  by Lin [2], 
which in our notat ion,  a f te r  a number  of e l e m e n t a r y  
t r a n s f o r m a t i o n s ,  have the f o r m  

~ =3c/2o 0 H-O.58o'~'/2ao'o:m; , (20) 

R e . ~  = 25o~/0. (2 i) 

The a r g u m e n t s  p r e s e n t e d  above a r e  va l id  for  p l a n e -  
p a r a l l e l  f lows.  We sha l l  examine  the spec i f i c  c a s e  of 
mot ion  of a s t r u c t u r a l l y  v i s c ous  fluid along a f ia t  p l a t e  
and sha l l  u se  an e x p r e s s i o n  for  the ve loc i ty  of the  
b a s i c  flow [1], which, a f te r  s i m p l e  t r a n s f o r m a t i o n s ,  
m a y  be w r i t t e n  in the fo rm 

r 1 7 6 1 7 6  ~ - - ~ a +  + 6), 4 

( 9~--2~G 4 ) X ~ - - 2 ~  3 "~ ~4 2 r --5 ..~ 7 -  ~7 , (22) 

where 
c~ _ 350,  350,  2+ . 
2 26Re02 --F ~ 13Re0~ 

The s y s t e m  (20)-(22) was so lved  by  Newton 's  method 
on an e l e c t r o n i c  M-20 c o m p u t e r  at  the Compute r  Cen- 
t e r ,  S ibe r i an  Divis ion,  AS ffSSR. Ca lcu la t ions  w e r e  a l so  
made  of the c r i t i c a l  va lues  of the n u m b e r s  Re k and 

R% = 9% lw0, (23) 

Rel~ ~ Re k ~ o~. (24) 

R e s u l t s  of the  c a l c u l a t i ons  a r e  shown in the f i gu re .  
I t  m a y  be seen  tha t  the  n a t u r e  of the v a r i a t i o n  of the  
n u m b e r s  Re0k, Rek,  R e l k  as  a function of the p a r a m -  
e t e r  |  i s  the  s a m e .  
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Intensification of the non-Newtonian properties (re- 

duction of the parameter O~ lowers the stability of the 

flow of a structurally viscous fluid in the boundary 

layer on a plate. 

NOTATION 

Tji denotes  the components  of the s t r e s s  devia tor  ; /~ is 
dynamic  v i scos i ty ;  Vii denotes the components  of the 
r a t e  of de format ion  devia tor ;  I is the quadra t ic  i n v a r i -  
ant of the r a t e  of deformat ion  tensor ,  taken with the 
r e v e r s e  s ign ; w i denotes  the components  of the veloci ty  
vec tor  ; ~i denotes  the coord ina tes  of a r e c t angu l a r  sys -  
tem of coord ina tes  ; q~0 is the f lu id i ty fo r  zero shear  ; | is 
the coeff ic ient  of s t r u c t u r a l  ins tab i l i ty ;  p is densi ty;  
t is t ime;  w 0 is the c h a r a c t e r i s t i c  veloci ty  (in the case  
of longi tudinal  flow over  a f l a t  plate,  w 0 is the veloci ty  
of the ex te rna l  flow) ; l is  the c h a r a c t e r i s t i c  d imens ion  
(in the case  of longi tudinal  flow over a flat  plate,  l is 
the boundary  l aye r  thickness)  ; 5 i  is the d i m e n s i o n l e s s  
component  of the veloci ty  vec tor  of the ma in  flow; F is  
the d i m e n s i o n l e s s  p r e s s u r e  of the ma in  flow; w~ is the 
d i m e n s i o n l e s s  component  of the veloci ty  vec to r  of the 
d i s tu rbed  flow; ~~ the f luctuat ing component  of the 
d i m e n s i o n l e s s  p r e s s u r e ;  ~ is the coordina te  axis p a r a l -  
lel  to the plate;  ~ is the coordina te  axis pe rpend icu l a r  

to the plate; w is the veloci ty of the main  flow in the 

boundary layer ;  ~ is the s t r e a m  function of the d i s -  
tu rbed  motion;  ~ is the ampli tude of a sma l l  p e r t u r b a -  
tion; a is the wave number ;  c is a complex quanti ty 
cha rac t e r i z ing  the ra t e  of propagat ion of the osc i l l a -  
tion and the degree  of i ts  ampl i f ica t ion  (or damping) ; 
~c is the d i me ns i on l e s s  coordinate  of the point at which 
co = c; co~c n} is the derivative of the velocity of the main 
flow of order n at the point ~ = ~c ; w0' is the first deriv- 

ative of the main flow at ~ = 0 ; Re n is the reduced 

Reynolds number; q)c is the true fluidity at the point 
= ~c; h = (~2/8~2 - 82/~). The subscript k corre- 

sponds to the point of loss of stability. 
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